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THE PSYCHOLOGY OP THE EQUATION* 

By Professor EDWARD L. THORNDIKE 

Institute of Educational Research 

Teachers College, Columbia University 

The equation has two different uses. First, it is an organi- 
zation of data in such a way as to indicate the operations re- 
quired to obtain a certain numerical result, this result being 
the answer to a question which led the worker to frame the 
equation. So 60 — x = x — 45 is a good way to organize data 
to answer the question, "What number is as much less than 
60 as it is greater than 45 ? The equation is here a thing to be 
solved. Second, the equation is. the expression of a relation 
between a variable and one or more other variables. The im- 
portant thing in this case is to understand the relation or law. 

k 

So in y = kx, or y = -—, or y = x 2 , or x 2 -4- y 2 = k 2 . 
x 

In the first case the equation may, of course, represent a 
special instance of some important relation or law to be under- 
stood, and in the second case the equation, then or later, may 
be solved for some special values of the variables. But in the 
great majority of cases one or the other purpose is primary, 
as stated above. The difference is recognized to some extent in 
the early distinction between (A) organizing numerical data 
into an equation with x or two equations with x and y, and 
(B) framing a general formula or equation. 
Consider these samples of A : 

1. Ten times a certain number is diminished by 6, the 
result being 36 more than four times the number. 
What is the number? 



* The investigations on which this article is based were made with 
the aid of a grant from the Commonwealth Fund. 
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2. How much water must be added to three pints of a 20% 

solution of carbolic acid to make it a 5% solution? 

3. A man walks at the rate of 3 miles an hour. Two hours 

after he started another man sets out to overtake him 
in an automobile going 25 miles an hour. How far 
will the first man have gone before the second man 
overtakes him? 

No teacher probably expects the pupil to do anything with 
the resulting equations except solve them. He has to under- 
stand certain particular conditions to frame the equation. He 
does not have to understand the equation as an expression of a 
general relation or law in order to solve it. Usually he is not 
expected to. 
Consider these samples of B : 

1. Make a formula or an equation which tells the cost of 

any number of pounds of starch at 11 cents a pound, 

2. Using m, s, and d for minuend, subtrahend and differ- 

ence, respectively, what equations can you make from 
them ? 

3. Using I, w, and h for the inside dimensions of any rectan- 

gular tank in inches, write a formula or equation for 
the cubic capacity of the tank in gallons, counting one 
gallon as equal to 231 cubic inches. 

4. If x is any even number, what is any odd number? 

In these cases the pupil is expected only to frame the formula, 
not to solve it. To frame it he must understand the general 
relation or law and, to at least a large extent, the formula or 
equation as its shorthand expression. 

The pupil probably realizes a difference' between work like 
that of A and work like that of B. Also he may be influenced 
by being given the name equation for things like lOx — 6 — 
36 — 4# or .05(3"+ #) = -20(3), and the name formula for 

Iwh 

things like C = irD, m — s = d, m — d = s, or J = . 

231 
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Prom this point On, however, almost everything that he is 
taught about equations blurs the distinction. He is given many 
literal equations like 
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Presumably these represent some important relations between 
x or y or z and the variables a, b, and c ; otherwise they would 
not be set out as generalized rules. But, in fact, they do not, 
and all that he is told to do with them is to solve them. 

He is taught the coordinate system and set to study y = 
x -\- 4, y = x, y = x — 4, and the like. He is much perplexed 
because hitherto x has always been unknown but only one num- 
ber when you finally got it known ; whereas now you know 
what it is, but it is 1 or 2 or 3 or 4, or whatever you like. Also, 
he has been painstakingly learning in simultaneous equations 
that you can do nothing useful with x and y unless you have 
two equations, whereas now you cannot have one equation of 
the new sort without both of them in it. 

To the mathematician or logician these may seem to be child- 
ish and trivial perplexities. Childish they may be, but since we 
are teaching children, childish perplexities are precisely the ones 
we need to prevent. Trivial they certainly are not, at least to 
the psychologist. For the most uniform and stable connections 
or bonds that x or y has formed are with ' ' not known, " "to be 
found," "one number and only one right when you find it." 
The most frequent and emphatic connection or bond that "a; and 
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y both to be dealt with" has formed is with "you must make 
two equations." The pupil's strongest habits of thought with 
respect to x and y (with ordinary teaching, all his habits of 
thought with respect to x and y) make the y = x -\- 4 a mon- 
strous perversity. The coordinate system and the facts of the 
linear equation would in fact be more easily taught to the pupil 
who has had the customary training with equations to be solved, 
if NS and EW, were used instead of YY and XX, and if V 1 and 
V z were used instead of Y and X. Almost everything in the 
usual previous study of equations interferes with the under- 
standing of y = ax + 6. 

Conversely, under the customary methods of teaching, the 
habit of regarding y as a variable whose value depends on the 
value attached to x, the habit of shifting x and seeing what 
happens to y, and the habit of thinking of how y depends on x 
rather than hastening to solve for something, are likely to in- 
terfere with the old solving habits. The pupil who was wont to 
proceed readily, and even automatically, to solve for any pos- 
terior segment of the alphabet that came into view, now hesi- 
tates, wonders whether he is to solve it, or graph it, or evaluate 
it, or perhaps even consider what it and its context mean ! 

Partlj' because of a more" or less explicit sense of this inter- 
ference, the majority of teachers and textbooks retain the dis- 
turbing y only as a necessary evil to help explain the coordinate 
system and the graph of an equation, banishing it soon and 
replacing ' ' the equation y = 2x + 3 " by " the expression 
2x + 3," and then quietly shifting to "2x + 3 — 0," which 
can be "solved" in peace. But this shift is destructive to the 
understanding of y = 2x -f- 3 as the expression of a straight- 
line relation or law whereby one variable always equals 3 more 
than twice another. This treatment also tends to change the 
coordinate system from an easy and beautiful organization of 
what is known about equations into a puzzle to be reconciled 
with what you do with equations. If this peculiar y always 
becomes before you do anything to the equation, why bother 
to learn about yl So works the potent unconscious argument 
of mental habit. 

With quadratics this mysterious appearance and disappear- 
ance of y is repeated. All his experiences with equations except 
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the brief interlude with y = ax -4- b almost forbid the pupil to 
do aught with y = ax 2 4- bx 4- c save regard the y as a misprint 
for 4 or 7. After a renewed exposition of the coordinate system 
has given him a dawning insight into what such equations mean, 
the y is spirited away again, and he has equations of the form 
ax 2 4- bx 4- c = to solve. Why he should 'solve' them he 
probably has not the faintest notion. An additional degree of 
mystery is added by now calling the values of x the roots. 

A final element of confusion is introduced by simultaneous 
quadratics. The y comes back, but now it is (in many modern 
courses) not a mere second unknown to be solved for, as it was 
in 3y — ix = 2, y — x = 1, but is the y of the coordinate sys- 
tem. The two equations are not mere corpora vilia for solving, 
but two real relation-lines, the question being, "Do they cross; 
if so, at what point or points?" 

The algebra of a generation ago was free from this confusion 
because it did not attempt to teach the equation as the expres- 
sion of a general relation between a variable and one or more 
other variables, and did not introduce graphs and the Cartesian 
coordinates. The equation was a thing to be solved and noth- 
ing more. 

When teachers of mathematics began to introduce the form- 
ula, the concept of a general relation or function, and its graphic 
treatment, two courses were open to them. They could try to 
assimilate the new aspect to the old, insisting on the new treat- 
ment as if it were only an extension and enrichment of the old. 
Or they could make a clear distinction, almost a contrast, be- 
tween the equation as an organization of facts to find some 
unknown or hidden fact and the equation as an expression of a 
relation between variables. 

The force of the teacher's mental habits and a superficial 
pedagogy favored the former course, and it was taken. For 
example, graphs were used as an aid in solving, or in checking 
solutions of, equations which gave specific numerical values of 
an unknown. Solving simultaneous quadratics was (and is) 
taught not as a means of determining the constants in an equa- 
tion expressing a relation between the variables y and x, but as 
a means of answering such specific questions as : 
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1. The sum of the squares of two numbers is 130, and the 

product Of the numbers is 63. Find the numbers. 

2. A number is formed by three digits, the third digit being 

the sum of the other two. The product of the first 
and third digit exceeds the square of the second by 5. 
If .396 is added to the number the order of the digits 
is reversed. Find the number. 

In almost every way the new aspect was made to seem as far 
as possible an outgrowth and extension of the old, or at least a 
peaceable ally of the old. 

A superficial pedagogy might defend this as a case of * ' apper- 
eeption," of basing the new idea on familiar ideas, of gradually 
extending the concept of the equation. A deeper psychology 
shows that the other ; course is the one that should have been 
taken and should be taken now. It appears, in fact, that the 
two aspects of the equation should be kept distinct from the 
start and to a large extent throughout; that they should, other 
things being equal, be given different names, taught at differ- 
ent times and in different, ways and with different applications. 

TEACHING PARTICULAR EQUATIONS 

The equation to be "solved" in order to find some particular 
quantity should appear early in arithmetic, say in grade 3, in 
the form 

5-f . . . =9 
3X9 = .... 
24 = . . .3s 
7 X ... - 21 
... 5s = 30 

It should be used freely thereafter in all computations where" 
it is the most serviceable form for thought. For example, 

3 3 1 

= ... X — $24 = ... % of $400 



4 8 4 

It should be used as a way of organizing data in the solution 
of problems where it is a desirable way. Here Ans. or ? or "the 
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number of dollars" may replace the empty space to be filled. 
This use may ~be continued in algebra, with such intricacies as 
are there desirable, but the name for the missing number should 
under no circumstances be x or y or z. Ans. or Num. or A or K 
seem to be the best names (Ans n and Ans. 2 , etc., being used 
where two or more equations are framed to state the given 
facts). Small n (for number) would be a good name, except 
for the later interference with n for "any number." Q (for 
question) would be almost as good as Ans. or Num. or N, pos- 
sibly better. Whenever the equation was used to indicate an 
exercise in numerical computation or a search for some number, 
its earmarks would be an equality sign, and Ans. or N or Q. 
In so far as problems requiring quadratic equations are per- 
petuated, we shall have Ans. 2 or A 2 or N 2 or Q 3 , in their 
solutions. 

Such equations are an organization for convenient computa- 
tion. To frame them rightly requires sagacious handling of the 
particular facts and relations of the problem situation. To solve 
them when they are framed requires competent Computation. 
They may be called equations or equalities or arrangements for 
solving, or even be given no name at all, so far as learning 
algebra is concerned. Since the number who study arithmetic 
is enormously greater than the number who study algebra, this 
type of arrangement should be called an equation. 

This work, so far as done during the study of algebra, should 
be organized under the principle that "Any real question having 
a discoverable number as its answer can be answered by putting 
the data together in a suitable equation and solving, providing 
the data are sufficient to give the answer." Probably it should 
be completed before the systematic study of the coordinate sys- 
tem, and of linear equations as such, is begun. The questions 
answered should be in the main' genuine ones. Only a few 
resulting in elaborate fractional equations are necessary, simply 
to show that, no matter how intricate the relations, they can be 
handled by the equation technique. 

TEACHING GENERAL EQUATIONS 

The equation as the expression of a general relation between 
variables is prepared for in arithmetic in two ways. The idea 
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of such a general relation has its first stage in the implicit use 

of rules like "Length in feet == length in inches -r- 12 " ; "Cost 

in cents = (cost in dollars) X 100. ' ' In grades 7 and 8 such 

rules or formulae are more explicitly got in mind, in the case 

of:— 

C — 2irR for Number of inches in circumference = 2ir(No. of in. 

in radius), 
I =» PRT for Number of dollars interest = (Number of dollars 

in principal) times (the rate in hundredths) times (the time 

in years), 
H 2 = S t 2 + 8 2 2 for the hypotenuse rule, and the like. 

The idea of space representation of a relation between two 
variables becomes familiar in a modern course in arithmetic by 
reading and making and using as problem matter such graphs 
as of the growth of a plant, height in relation to age, score in 
successive practices, population change, rise in costs or wages, 
and the like. 

In algebra the work with formulae will be extended to give 
training in reading and understanding any formula which ex- 
presses correctly any useful relation which could be understood 
by the pupil in words, in expressing such relations in formulae, 
and in finding the value of any variable (whose value is worth 
finding), when the values of the others are given. As a rule, 
not one such "solving" should be set for any one variable, but 

volts 
many. For example, in Amp. = the task will be "How 

ohms 
many Amperes" 

(a) when volts 110 and ohms 22 

(b) " " " " " 25 

(c) " " 220 " " 20 

(d) " " 12 " " 2 

The use of x and y and z will be avoided in such formulae, as 
Nunn has advised. The work with graphs will be extended to 
the comprehension of the Cartesian coordinate system, habitua- 
tion to y and x as names for the two distances and the under- 
standing of y = x, y — 2x, y = \x, y = x + 2, y = x — 2, 

1 4 

y = — , y = — , and other instructive relations : Then comes 
x x 
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the systematic algebra of systematic selected types of equations. 
These may be called "equations of variables," or "equations of 
relation lines. ' ' This will include the study of y = ex and 

c 
y = — in connection with "varies directly as" and "varies in- 
x 

versely as," of y = x 2 and y = y/x in connection with tables 
of squares and square roots and with interpolating in such tables, 
and of the quadratic equation in general. It seems preferable 
to use c u c 2 , c 3 , or k lt k 2 , k 3 , rather than a, i, and c to express con- 
stants in such equations. 

The case of solving for x when y = will be treated as 
simply one special case of all the possible solvings. First, y will 
be found for various assigned values of x, then x will be found 
for various assigned values of y, including 0, which are spe- 
cially instructive. Probably graphical solutions, if taught, 
should come before solutions by computation. Simultaneous 
equations with x and y will be taught chiefly as a means of 
answering the question, "Do these relation lines cross t If so 
where?" — and as a means of answering the question. "If in a 
linear equation y = c x x -+- c 2 one point of the curve is 7,4 and 
another is 13,6 what do c ± and c 2 equal ? ' '* 

In connection with the study of exponents, curves such as 

y = x^, y = as"*, y = x*, y — x*, y = x*, y = x$, y = x :t , 

y = x», y = x*, y = x^, t/==x' ? , may be briefly inspected 
and compared. Some of the practice with logarithms may well 
be given up to the computations required for plotting a few such 
curves. The equations y = x x , (x + cj 2 + (y + c 2 ) 2 = c 3 2 , 
and others of notable interest may be studied, if time permits, 
may be briefly inspected and compared. Some of the practice 
with logarithms may well be given up to the computations re- 
quired for plotting a few such curves. The equations y = a', 
($_)_ Ci )2 _|_ (y _)- c 2 ) 2 c 3 2 , and other of notable interest may 
be studied, if time permits. 

Finally the "function" ax+b or the "function" ax 2 + 
bx-\- c may be studied as a function without any "y= "to 



* Similarly, of course, with y = c^x 2 -f c 2 x + c s . 
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introduce it, but it will then no longer be or bear the name of 
equation. 

As a consequence of this reorganization, the indiscriminate 
practice with what are now called literal equations would be 
replaced by two distinct lines of work. First there would be 
given, in connection with real formulae, practice in expressing 
any one of the variables in terms of the others, that is, in solving 
for that variable. Second, there would be given, in connection 
with typical forms of relation lines, practice in understanding 
the meaning of the constants concerned as well as the meaning 
of the two variables. 



